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Itô and Stratonovich integrals

Partition [0, t] into N intervals [t0, t1), [t1, t2), . . . , [tN−1, tN), where tk = k
⌊

t
N

⌋
.

For s ∈ [0, t], let Hs(ω) =
∑

k Hk(ω)χ[sk ,sk+1)(s) be a Fs -measurable simple
function.

Itô integral: ∫ t

0

HsdBs = lim
N↘∞

N∑
k=1

Hk

(
Btk+1

− Btk

)
Stratonovich integral:∫ t

0

Hs ◦ dBs = lim
N↘∞

N∑
k=1

1

2
(Hk+1 + Hk)

(
Btk+1

− Btk

)
The material presented in these notes are for heuristical purposes; they are nowhere close to proofs.

For rigorous treatment, please refer to the references cited here and references therein.
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Itô stochastic differential equation:

Xt = X0 +

∫ t

0

b(Xs)ds +

∫ t

0

σ(Xs)dBs

→ dXt = b(Xt)dt + σ(Xt)dBt

Stratonovich stochastic differential equation:

Xt = X0 +

∫ t

0

b(Xs)ds +

∫ t

0

σ(Xs) ◦ dBs

→ dXt = b(Xt)dt + σ(Xt) ◦ dBt
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Itô-Taylor expansion

ϕ(Xt+∆t)

= ϕ(Xt) +
∂

∂x
ϕ(Xt)(Xt+∆t − Xt) +

1

2

∂2

∂x2
ϕ(Xt)(Xt+∆t − Xt)

2 +O((Xt+∆t − Xt)
3)

= ϕ(Xt) +
∂

∂x
ϕ(Xt)(b(Xt)∆t + σ(Xt)∆Wt)

+
1

2

∂2

∂x2
ϕ(Xt)(b(Xt)

2(∆t)2 + 2b(Xt)σ(Xt) ∆t∆Wt︸ ︷︷ ︸
∼∆t3/2

+σ(Xt)
2 (∆Wt)

2︸ ︷︷ ︸
∼∆t

)

+O((Xt+∆t − Xt)
3)

= ϕ(Xt) +
∂

∂x
ϕ(Xt)(b(Xt)∆t + σ(Xt)∆Wt) +

1

2

∂2

∂x2
ϕ(Xt)σ(Xt)

2∆t +O(∆t3/2)
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2 +O((Xt+∆t − Xt)
3)

= ϕ(Xt) +
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1
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∂x2
ϕ(Xt)(b(Xt)

2(∆t)2 + 2b(Xt)σ(Xt) ∆t∆Wt︸ ︷︷ ︸
∼∆t3/2

+σ(Xt)
2 (∆Wt)

2︸ ︷︷ ︸
∼∆t

)

+O((Xt+∆t − Xt)
3)

= ϕ(Xt) +
∂

∂x
ϕ(Xt)(b(Xt)∆t + σ(Xt)∆Wt) +

1

2

∂2

∂x2
ϕ(Xt)σ(Xt)

2∆t +O(∆t3/2)

Itô’s lemma: dϕ(Xt) = ∂
∂x
ϕ(Xt)dXt + 1

2
∂2

∂x2ϕ(Xt)σ(Xt)
2dt
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∂x
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∂2

∂x2
ϕ(Xt)σ(Xt)

2∆t +O(∆t3/2)

Generator of Itô diffusion:

Lϕ(x) = lim
∆t↘0

E[ϕ(Xt+∆t)|Xt = x ]− ϕ(x)

∆t
= lim

∆t↘0

E[ϕ(Xt+∆t)− ϕ(x)Xt = x ]

∆t

=
∂

∂x
ϕ(Xt)(b(Xt) +

1

2

∂2

∂x2
ϕ(Xt)σ(Xt)

2
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Relation between Itô and Stratonovich integrals

For FB
t -measurable function ϕ : Ω→ R,

ϕt(ω) ◦ dBt ≈
1

2
(ϕt+h(ω) + ϕt(ω)) (Bt+h − Bt)

=
1

2
(ϕt+h(ω) + ϕt(ω) + ϕt(ω)− ϕt(ω)) (Bt+h − Bt)

=

1

2
(ϕt+h(ω)− ϕt(ω)) (Bt+h − Bt) + ϕt(ω) (Bt+h − Bt)︸ ︷︷ ︸

Itô


=

1

2
〈dϕ(ω), dB〉t + ϕt(ω)dBt
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Relation between Itô and Stratonovich integrals

dXt = b(Xt)dt + σ(Xt) ◦ dBt ,

= b(Xt)dt +
1

2
〈dσ(X ), dB〉t + σ(Xt)dBt

By Itô’s lemma:

dσ(Xt) =
∂σ(Xt)

∂x
dXt +

1

2

∂2σ(Xt)

∂x2
σ(Xt)

2dt

=
∂σ(Xt)

∂x
b(Xt)dt +

∂σ(Xt)

∂x
σ(Xt)dBt +

1

2

∂2σ(Xt)

∂x2
σ(Xt)

2dt

Then,

〈dσ(X ), dB〉t =
∂σ(Xt)

∂x
σ(Xt)dt,

so

σ(Xt) ◦ dBt =
1

2

∂σ(Xt)

∂x
σ(Xt)dt + σ(Xt)dBt
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Itô’s lemma

Itô : dXt =

(
b(Xt) +

1

2
σx(Xt)σ(Xt)

)
dt + σ(Xt)dBt ,

Stratonovich : dXt = b(Xt)dt + σ(Xt) ◦ dBt ,

Applying Itô’s lemma:

dϕ(Xt)

= ϕx(Xt)dXt +
1

2
ϕxx(Xt)σ(Xt)

2dt

= ϕx(Xt)

(
b(Xt) +

1

2
σx(Xt)σ(Xt)

)
dt + ϕx(Xt)σ(Xt)dBt +

1

2
ϕxx(Xt)σ(Xt)

2dt

=

(
ϕx(Xt)b(Xt) +

1

2
ϕx(Xt)σx(Xt)σ(Xt)

)
dt − 1

2
〈d (ϕx(X )σ(X )) , dB〉t

+ ϕx(Xt)σ(Xt) ◦ dBt +
1

2
ϕxx(Xt)σ(Xt)

2dt

and

d (ϕx(Xt)σ(Xt)) = [ϕxx(X )σ(Xt) + ϕx(Xt)σx(Xt)]σ(Xt)dBt + (. . .) dt.
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dϕ(Xt)
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(
ϕx(Xt)b(Xt) +

1

2
ϕx(Xt)σx(Xt)σ(Xt)

)
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2
〈d (ϕx(X )σ(X )) , dB〉t

+ ϕx(Xt)σ(Xt) ◦ dBt +
1

2
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2dt
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Backward Itô integral 1

Define

F0,B
t,s

def
=
⋂
r<t

σ (Bu − Br : r ≤ u ≤ s)

and FB
t,s is the completion of F0,B

t,s .

Partition [t,T ] into N subintervals.

For s ∈ [t,T ], let Hs =
∑N

k=1 Hkχ[tk−1,tk )(s) where Hk ∈ Ftk−1,T .

Backward Itô integral:∫ T

t

Hsd
←
B s = lim

N→∞

N∑
k=1

Hk(Btk − Btk−1
).

1Perkowski, Backward Stochastic Differential Equations: An Introduction
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Relation between forward and backward Itô integrals:

Consider interval (T − t,T ].
For s ∈ (T − t,T ], H ′s := HT−s and B ′s := BT − BT−s , we have that∫ T

T−t
Hsd

←
B s =

∫ t

0

H ′sdB
′
s .
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For s ∈ (T − t,T ], H ′s := HT−s and B ′s := BT − BT−s , we have that∫ T

T−t
Hsd

←
B s =

∫ t

0

H ′sdB
′
s .

Consider two intervals of equal size t, [0, t] and [T − t,T ], each partitioned into
N subintervals:

. . .

0 ⌊
t
N

⌋
2
⌊

t
N

⌋
3
⌊

t
N

⌋
4
⌊

t
N

⌋
4
⌊

t
N

⌋
(N − 1)

⌊
t
N

⌋
N
⌊

t
N

⌋

t T

. . .

0 TT −
⌊

t
N

⌋
T-2
⌊

t
N

⌋

T − 3
⌊

t
N

⌋
T-4
⌊

t
N

⌋

T − (N − 1)
⌊

t
N

⌋

T-4
⌊

t
N

⌋

T − t
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. . .

0 ⌊
t
N

⌋
2
⌊

t
N

⌋
3
⌊

t
N

⌋
4
⌊

t
N

⌋
4
⌊

t
N

⌋
(N − 1)

⌊
t
N

⌋
N
⌊

t
N

⌋

t T

. . .

0 TT −
⌊

t
N

⌋
T-2
⌊

t
N

⌋

T − 3
⌊

t
N

⌋
T-4
⌊

t
N

⌋

T − (N − 1)
⌊

t
N

⌋

T-4
⌊

t
N

⌋

T − t

∫ T

T−t
Hsd
←
B s

= lim
N↗∞

∑
s∈{T−(N−1)b t

N c,T−(N−2)b t
N c,...,T−b t

N c,T}
Hs

(
Bs − Bs−b t

N c
)

= lim
N↗∞

{
HT−(N−1)b t

N c
(
BT−(N−1)b t

N c − BT−Nb t
N c
)

+ HT−(N−2)b t
N c
(
BT−(N−2)b t

N c − BT−(N−1)b t
N c
)

+ . . . + HT−b t
N c
(
BT−b t

N c − BT−2b t
N c
)

+ HT

(
BT − BT−b t

N c
)}
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. . .

0 ⌊
t
N

⌋
2
⌊

t
N

⌋
3
⌊

t
N

⌋
4
⌊

t
N

⌋
4
⌊

t
N

⌋
(N − 1)

⌊
t
N

⌋
N
⌊

t
N

⌋

t T

. . .

0 TT −
⌊

t
N

⌋
T-2
⌊

t
N

⌋

T − 3
⌊

t
N

⌋
T-4
⌊

t
N

⌋

T − (N − 1)
⌊

t
N

⌋

T-4
⌊

t
N

⌋

T − t

∫ t

0
H′s dB

′
s

=

∫ t

0
HT−s d(BT − BT−s)

= lim
N↗∞

∑
s∈{0,1,...,(N−2)b t

N c,(N−1)b t
N c}

HT−s

([
BT − BT−(s+b t

N c)
]
− [BT − BT−s ]

)
= lim

N↗∞

∑
s∈{0,1,...,(N−2)b t

N c,(N−1)b t
N c}

HT−s

(
BT−s − BT−(s+b t

N c)
)
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. . .

0 ⌊
t
N

⌋
2
⌊

t
N

⌋
3
⌊

t
N

⌋
4
⌊

t
N

⌋
4
⌊

t
N

⌋
(N − 1)

⌊
t
N

⌋
N
⌊

t
N

⌋

t T

. . .

0 TT −
⌊

t
N

⌋
T-2
⌊

t
N

⌋

T − 3
⌊

t
N

⌋
T-4
⌊

t
N

⌋

T − (N − 1)
⌊

t
N

⌋

T-4
⌊

t
N

⌋

T − t

∫ t

0
H′s dB

′
s

= lim
N↗∞

∑
s∈{0,1,...,(N−2)b t

N c,(N−1)b t
N c}

HT−s

(
BT−s − BT−(s+b t

N c)
)

= lim
N↗∞

{
HT

(
BT − BT−b t

N c
)

+ HT−b t
N c
(
BT−b t

N c − BT−2b t
N c
)

+ . . .

+ HT−(N−2)b t
N c
(
BT−(N−2)b t

N c − BT−(N−1)b t
N c
)

+HT−(N−1)b t
N c
(
BT−(N−1)b t

N c − BT−Nb t
N c
)}
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Stochastic optimal control

W ∈ Rk is a (Ω,F ,P)-Brownian motion,
X ∈ Rm, u ∈ U ,
b ∈ C(Rm × U ,Rm), σ ∈ C(Rm × U ,Rm × Rk), σ is Ft-measurable,
(σσ∗) ∈ C(Rm × U ,Rm × Rm).
r ∈ C(Rm × U ,R) and g ∈ C(Rm,R) are both Ft-measurable, r and g are both
convex (concave)

Signal: dXt = b(Xt , ut)dt + σ(Xt , ut)dWt

Cost function: E [J(u)]

where J(u) :=

∫ T

0

r(Xs , us)ds + g(XT )
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Maximum Principle2

Consider scalar case: X ∈ R, W ∈ R.

Let

J̃(u) :=

∫ T

0

{r(Xs , us)ds + ps [dXs − b(Xs , us)ds − σ(Xs , us)dWs ]}+ g(XT )

Let uo denote the optimal control and 0 < ε << 1. Then,

0 = DJ̃(uo) = J̃(uo + εu)− J̃(uo)

Let (X o , po) be the signal and Lagrange multiplier under control uo .
Let (X ε, pε) be the signal and Lagrange multiplier under control uε := uo + εu

2Bismut, Conjugate Convex Functions in Optimal Stochastic Control, J. Math. Analysis and
Appl. (1973)

Yeong (University of Illinois at Urbana-Champaign) FBSDE, BDSDE October 2016 11 / 51



J̃(uo + εu)

=

∫ T

0

{r(X ε
s , u

ε
s )ds + pεs [dX ε

s − b(X ε
s , u

ε
s )ds − σ(X ε

s , u
ε
s )dWs ]}+ g(X ε

T )

=

∫ T

0

{
r(X ε

s , u
ε
s )ds

+ pεs

[
dX ε

s −
(
b(X ε

s , u
ε
s )− 1

2
σ(X ε

s , u
ε
s )σx(X ε

s , u
ε
s )

)
ds − σ(X ε

s , u
ε
s ) ◦ dWs

]}
+ g(X ε

T )
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J̃(uo + εu)− J̃(uo)

=

∫ T

0

{
(rx(X o

s , u
o
s ))∗(X ε

s − X o
s )ds

−po
s

[(
bx(X o

s , u
o
s )− 1

2
(σ(X o

s , u
o
s )σx(X o

s , u
o
s ))x

)
(X ε

s − X o
s )ds

+σx(X o
s , u

o
s )(X ε

s − X o
s ) ◦ dWs

]}
+

∫ T

0

po
s d(X ε

s − X o
s )

+

∫ T

0

{
ru(X o

s , u
o
s )(εus)ds

−po
s

[(
bu(X o

s , u
o
s )− 1

2
(σ(X o

s , u
o
s )σx(X o

s , u
o
s ))u

)
(εus)ds

+σu(X o
s , u

o
s )(εus) ◦ dWs

]}
−
∫ T

0

(pεs − po
s )

(
dxo

s −
(
b(xo

s , u
o
s )− 1

2
σ(X o

s , u
o
s )σx(X o

s , u
o
s )

)
ds − σ(xo

s , u
o
s ) ◦ dWs

)
+gx(X o

T )(X ε
T − X o

T )
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=
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T )− po
0 (X ε

0 − X o
0 )−

∫ T

0

dpo
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s − X o
s )

+

∫ T

0
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o
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o
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o
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o
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J̃(uo + εu)− J̃(uo)

=

∫ T

0

{
(rx(X o

s , u
o
s ))∗(X ε

s − X o
s )ds

−po
s

[(
bx(X o

s , u
o
s )− 1

2
(σ(X o

s , u
o
s )σx(X o

s , u
o
s ))x

)
(X ε

s − X o
s )ds

+σx(X o
s , u

o
s )(X ε

s − X o
s ) ◦ dWs
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+ po

T (X ε
T + X o

T )− po
0 (X ε

0 − X o
0 )−

∫ T

0

dpo
s (X ε

s − X o
s )

+

∫ T

0

{
ru(X o

s , u
o
s )(εus)ds

−po
s

[(
bu(X o

s , u
o
s )− 1

2
(σ(X o

s , u
o
s )σx(X o

s , u
o
s ))u

)
(εus)ds

+σu(X o
s , u

o
s )(εus) ◦ dWs

]}
−
∫ T

0

(pεs − po
s )

(
dxo

s −
(
b(xo

s , u
o
s )− 1

2
σ(X o

s , u
o
s )σx(X o

s , u
o
s )

)
ds − σ(xo

s , u
o
s ) ◦ dWs

)
+gx(X o

T )(X ε
T − X o

T )

2
0

1
9

-0
1

-0
5

FBSDE, BDSDE

Stochastic control

dX εs = d(X εs − X o
s + X o

s )

= dX o
s + d(X εs − X o

s )

∫ T

0
pos d(X εs − X o

s )

= poT (X εT − X o
T )− po0 (X ε0 − X o

0 )−
∫ T

0
dpos (X εs − X o

s )

= poT (X εT − X o
T )−

∫ T

0
dpos (X εs − X o

s ) (since X ε0 = X o
0 = X0)



Stratonovich equations
Let H(t, x , u, p) :=∫ t

0

{
−r(xs , us)ds + ps

[(
b(xs , us)− 1

2σ(xs , us)σx(xs , us)
)
ds + σ(xs , us) ◦ dWs

]}
,

Hu(t,X o , uo , po) = 0

Forward state SDE:

dX o
t =

(
b(X o

t , u
o
t )− 1

2
σ(X o

t , u
o
t )σx(X o

t , u
o
t )

)
dt + σ(X o

t , u
o
t ) ◦ dWt

X o
0 = X0

Backward costate SDE:

dpo
t = rx(X o

t , u
o
t )dt − po

t

(
b(X o

t , u
o
t )− 1

2
σ(X o

t , u
o
t )σx(X o

t , u
o
t )

)
x

dt

− po
t σx(X o

t , u
o
t ) ◦ dWt ,

po
T = −gx(X o

T )
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Stratonovich equations

Let H(t, x , u, p) :=∫ t

0

{
−r(xs , us)ds + ps

[(
b(xs , us)− 1

2σ(xs , us)σx(xs , us)
)
ds + σ(xs , us) ◦ dWs

]}
Hu(t,X o , uo , po) = 0

Forward state SDE:

dX o
t = dHp(t,X o

t , u
o
t , p

o
t ),

X o
0 = X0

Backward costate SDE:

dpo
t = −dHx(t,X o

t , u
o
t , p

o
t ),

po
T = gx(X o

T )
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Itô equations
Let H(t, x , u, p) :=∫ t

0

{
−r(xs , us)ds + ps

[(
b(xs , us)− 1

2σ(xs , us)σx(xs , us)
)
ds + σ(xs , us) ◦ dWs

]}
,

Hu(t,X o , uo , po) = 0

Forward state SDE:

dX o
t = b(X o

t , u
o
t )dt + σ(X o

t , u
o
t )dWt

X o
0 = X0

Backward costate SDE:

dpo
t = rx(X o

t , u
o
t )dt − po

t

(
b(X o

t , u
o
t )− 1

2
σ(X o

t , u
o
t )σx(X o

t , u
o
t )

)
x

dt

− 1

2
〈d (poσx(X o , uo),W )〉t − po

t σx(X o
t , u

o
t )dWt ,

po
T = −gx(X o

T )
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Itô equations

d (po
t σx(X o

t , u
o
t )) =

[
(po

t )x σx(X o
t , u

o
t ) + po

t σxx(X o
t , u

o
t )
]
σ(X o

t , u
o
t )dWt + (. . .)dt

Backward costate SDE:

dpo
t = rx(X o

t , u
o
t )dt −

[
po
t bx(X o

t , u
o
t ) +

1

2
po
t σx(X o

t , u
o
t )2 +

1

2
po
t σxx(X o

t , u
o
t )σ(X o

t , u
o
t )

]
dt

−1

2

[
(po

t )x σx(X o
t , u

o
t )σ(X o

t , u
o
t )− 1

2
po
t σxx(X o

t , u
o
t )σ(X o

t , u
o
t )

]
dt − po

t σx(X o
t , u

o
t )dWt

= rx(X o
t , u

o
t )dt − po

t bx(X o
t , u

o
t )dt − 1

2

[
(po

t )x σ(X o
t , u

o
t )− po

t σx(X o
t , u

o
t )
]
σx(X o

t , u
o
t )dt

− po
t σx(X o

t , u
o
t )dWt

...

dpo
t =

[
rx(X o

t , u
o
t )− po

t bx(X o
t , u

o
t )− (po

t )x σx(X o
t , u

o
t )σ(X o

t , u
o
t )
]
dt + (po

t )x σ(X o
t , u

o
t )dWt ,

po
T = −gx(X o

T )
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Dynamic programming
Return to X ∈ Rm, W ∈ Rk . Let

V (t, x) := inf
u∈U

Et,x

[∫ T

t

r(Xs , us)ds + g(XT )

]
= inf

u∈U
E
[∫ T

t

r(Xs , us)ds + g(XT )

∣∣∣∣Xt = x

]
, V (T , x) = g(x)

Maximality principle: For 0 < h < T − t,

V (t, x) = inf
u∈U

Et,x

[∫ t+h

t

r(Xs , us)ds + V (t + h,Xt+h)

]
0 = inf

u∈U
Et,x

[∫ t+h

t

r(Xs , us)ds + V (t + h,Xt+h − V (t, x))

]
0 = inf

u∈U
lim
h↘0

Et,x

[
1

h

∫ t+h

t

r(Xs , us)ds +
1

h
(V (t + h,Xt+h − V (t, x)))

]
0 = inf

u∈U

{
r(x , u) + lim

h↘0

1

h
Et,x [V (t + h,Xt+h − V (t, x)]

}
0 = inf

u∈U

{
r(x , u) +

∂

∂t
V (t, x) + LV (t, x)

}
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Dynamic programming

∂

∂t
V (t, x) + LoV (t, x) + r(x , uot ) = 0,

Lo is generator of X under optimal uo .

We would like to find a SDE representation of the solution to the PDE.
Let Ys := V (s, (X o

s )x,t) where

d(X o
s )x,t = b((X o

s )x,t , ut)dt + σ((X o
s )x,t , ut)dWt , for s ∈ (t,T],

(X o
t )x,t = x for s ≤ t.

By Itô’s lemma,

dYs =

{
∂

∂t
V (s, (X o

s )x,t) + LoV (s, (X o
s )x,t)

}
ds

+
(
∇xV (s, (X o

s )x,t)
)∗
σ((X o

s )x,t , uos )dWs

= −r((X o
s )x,t , uos )ds + (∇xYs)∗ σ((X o

s )x,t , uos )dWs ,

YT = V (T , (X o
T )x,t) = g((X o

T )x,t)
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Relation between maximum principle and dynamic
programming

Let pot = p(t,X o
t ). Then,

dp(t,X o
t ) =

[
∂p(t,X o

t )

∂t
+ Lp(t,X o

t )

]
dt + px(t,X o

t )σ(X o
t , u

o
t )dWt

Backward costate equation:[
∂p(t, x)

∂t
+ Lp(t, x)

]
dt + px(t, x)σ(x , u)dWt

= [rx(x , u)− p(t, x)bx(x , u)− px(t, x)σx(x , u)σ(x , u)] dt + px(t, x)σ(x , u)dWt ,

p(T , x) = −gx(x)
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Relation between maximum principle and dynamic
programming

HJB equation:

∂V (t, x)

∂t
+ LV (t, x) = −r(x , u)

∂Vx(t, x)

∂t
+ LVx(t, x) = −rx(x , u)− Vx(t, x)bx(x , u)− Vxx(t, x)σx(x , u)σ(x , u),

Vx(T , x) = gx(x)
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Relation between maximum principle and dynamic
programming

HJB equation:

∂V (t, x)

∂t
+ LV (t, x) = −r(x , u)

∂Vx(t, x)

∂t
+ LVx(t, x) = −rx(x , u)− Vx(t, x)bx(x , u)− Vxx(t, x)σx(x , u)σ(x , u),

Vx(T , x) = gx(x)

Let ∂V (t,x)
∂x = −p(t, x). Then we get the relation from the backward costate

equation (time integral part):

∂p(t, x)

∂t
+ Lp(t, x) = rx(x , u)− p(t, x)bx(x , u)− px(t, x)σx(x , u)σ(x , u),

p(T , x) = −gx(x)
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Existence and uniqueness of solution to the BSDE34

Let (Ω,F ,P) support a k-dimensional Brownian motion W .
Let {Ft}t≥0 be the completed filtration generated by W .

Pn is set of Ft-progressively measurable process ϕ : [0,T ]× Ω→ Rn

L2
n(Ft) := {ζ : ζ is Ft-measurable, ζ ∈ Rm, E[|ζ|2] <∞}
S2
n(0,T ) := {ϕ ∈ Pn : ϕ has continuous paths, E[supt≤T |ϕt |2] <∞}

Hp
n(0,T ) :=

{
Z ∈ Pn : E

[(∫ T

0
|Zs |2ds

)1/p
]
<∞

}
Let ζT ∈ L2

n(FT ) be a terminal condition and f : Pm × B(Rn × Rn×k)→ Rn.
A solution to the BSDE with parameters (f , ζT ) is a pair of Ft-progressively
measurable processes (Yt ,Zt) ∈ Rn × Rn×k if

Y ∈ S2
n(0,T ), Z ∈ H2

n×k(0,T ),

dYt = −f (t, ω,Yt ,Zt)dt + ZtdWt , YT = ζT .

3El Karoui, Hamadéne and Matoussi, Backward Stochastic Differential Equations and
Applications (2008)

4Pardoux and Peng, Backward Stochastic Differential Equations and Quasilinear Parabolic
Partial Differential Equations (1992)
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Assumptions:

f (t, ω, 0, 0) ∈ H2
n

f is uniformly Lipschitz in (y , z): ∃ constant K ≥ 0 s.t. ∀ (y , y ′, z , z ′),

|f (t, ω, y , z)− f (t, ω, y ′, z ′)| ≤ K (|y − y ′|+ |z − z ′|) dt ⊗ dP a.e.
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Case f ≡ 0: Yt = ζT −
∫ T

t
ZsdWs

Taking conditional expectation w.r.t. Ft :

E[Yt |Ft ]︸ ︷︷ ︸
= Yt because Yt is
Ft -measurable

= E[ζT |FT ]︸ ︷︷ ︸
= E[YT |Ft ]

− E

[∫ T

t

ZsdWs

∣∣∣∣∣Ft

]
︸ ︷︷ ︸

= E
[∫ T

t
ZsdWs

]
because

(Ws −Wt , s ∈ [t,T ]) independent of Ft

Yt = E[YT |Ft ] =⇒ Yt is an Ft-martingale
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Case f ≡ 0: Yt = ζT −
∫ T

t
ZsdWs

By martingale representation theorem5,

(existence) ∃ Z , E
[∫ T

0
Z 2
s ds
]
<∞ s.t.

Yt = Y0 +

∫ t

0

ZsdWs

= Yr +

∫ t

r

ZsdWs ∀t ∈ [0,T ] =⇒ Yr = YT −
∫ T

r

ZsdWs

(uniqueness) In addition, if ∃ Z̃ , E
[∫ T

0
Z̃ 2
s ds
]
<∞ s.t. Yt = Y0 +

∫ t

0
Z̃sdWs ,

then ∫ ∞
0

|Zs − Z̃s |2ds = 0 a.s.

(
P
[

lim
t↗∞

∫ t

0

|Zs − Z̃s |2ds
]

= 0

)

5Thm. 3.4.15, Karatzas and Shreve, Brownian Motion and Stochastic Calculus
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Case f = f (t, ω), independent of (y , z): Yt = ζT +
∫ T

t
f (s)ds −

∫ T

t
ZsdWs

Let Ỹt := Yt +
∫ t

0
f (s)ds, ỸT = ζT +

∫ T

0
f (s)ds. Then

ỸT = Yt −
∫ T

t

f (s)ds +

∫ T

t

ZsdWs +

∫ T

0

f (s)ds

= Yt +

∫ t

0

f (s)ds +

∫ T

t

ZsdWs = Ỹt +

∫ T

t

ZsdWs

Martingale representation theorem gives existence and uniqueness of Z ,

E
[∫ T

0
Z 2
s ds
]
<∞ s.t. ỸT = Ỹt +

∫ T

t
ZsdWs . Then

ỸT = Ỹt +

∫ T

t

ZsdWs

ζT +

∫ T

0

f (s)ds = Yt +

∫ t

0

f (s)ds +

∫ T

t

ZsdWs

Yt = ζT +

∫ T

t

f (s)ds −
∫ T

t

ZsdWs
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Case f = f (t, ω, y , z): Yt = ζT +
∫ T

t
f (s,Ys ,Zs)ds −

∫ T

t
ZsdWs

Let (Y u,v
t ,Z u,v

t ) is the solution to the BSDE

dY u,v
t = −f (t, ut , vt)dt + Z u,v

t dWt , Y u,v
T = ζT ,

(u, v) independent of (Y ,Z ).
Solution to above BSDE exists and is unique from the previous case, f = f (t, ω).

Define a map Φ : Hα → Hα:

(ut , vt)t∈[0,T ] ∈ Hα, Φ(u, v) = (Y u,v
t ,Z u,v

t )t∈[0,T ],

Define a norm on Hα := H2
n ×H2

n×k , α > 0:

‖(Y ,Z )‖α :=

(
E

[∫ T

0

eαs(|Ys |2 + |Zs |2) ds

])1/2
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Apply Itô’s lemma to eαt(Y u,v
t − Y u′,v ′

t )2:

d
[
eαt(Y u,v

t − Y u′,v ′

t )2
]

= αeαt(Y u,v
t − Y u′,v ′

t )2dt + 2eαt(Y u,v
t − Y u′,v ′

t )(dY u,v
t − dY u′,v ′

t )

+ eαt(d〈Y u,v 〉t + d〈Y u′,v ′〉t − 2d〈Y u,v
t ,Y u′,v ′

t 〉)

= αeαt(Y u,v
t − Y u′,v ′

t )2dt

+ 2eαt(Y u,v
t − Y u′,v ′

t )(−[f (t, u, v)− f (t, u′, v ′)]dt + [Z u,v
t − Z u′,v ′

t ]dWt)

+ eαt(Z u,v
t − Z u′,v ′

t )2dt
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Integrating from t to T :

eαT (Y u,v
T − Y u′,v ′

T )2 − eαt(Y u,v
t − Y u′,v ′

t )2

= α

∫ T

t

eαs(Y u,v
s − Y u′,v ′

s )2ds

− 2

∫ T

t

eαs(Y u,v
s − Y u′,v ′

s )(f (s, u, v)− f (s, u′, v ′))ds

+ 2

∫ T

t

eαs(Y u,v
s − Y u′,v ′

s )(Z u,v
s − Z u′,v ′

s )dWs

+

∫ T

t

eαs(Z u,v
s − Z u′,v ′

s )2ds
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Integrating from t to T :
Rearranging and taking expectation,

E
[
eαt(Y u,v

t − Y u′,v ′

t )2
]

+ E

[∫ T

t

eαs(Z u,v
s − Z u′,v ′

s )2ds

]
= eαT E

[
(Y u,v

T − Y u′,v ′

T )2
]

︸ ︷︷ ︸
= E [ζT − ζT ] = 0

− αE

[∫ T

t

eαs(Y u,v
s − Y u′,v ′

s )2ds

]

+ 2E

[∫ T

t

eαs(Y u,v
s − Y u′,v ′

s )(f (s, u, v)− f (s, u′, v ′))ds

]

− 2E

[∫ T

t

eαs(Y u,v
s − Y u′,v ′

s )(Z u,v
s − Z u′,v ′

s )dWs

]
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E

(∫ T

t

e2αs(Y u,v
s − Y u′,v ′

s )2(Z u,v
s − Z u′,v ′

s )2ds

)1/2


≤ E

(∫ T

t

C1

{
supt≤s≤T (Y u,v

s − Y u′,v ′

s )2
}

(Z u,v
s − Z u′,v ′

s )2ds

)1/2


= C2E

({supt≤s≤T (Y u,v
s − Y u′,v ′

s )2
}∫ T

t

(Z u,v
s − Z u′,v ′

s )2ds

)1/2


=
C2√

2
E
[
supt≤s≤T (Y u,v

s − Y u′,v ′

s )︸ ︷︷ ︸
∈S2

n

2
+

∫ T

t

(Z u,v
s − Z u′,v ′

s )︸ ︷︷ ︸
∈H2

n×k

2
ds

]

<∞

So,
∫ T

t
eαs(Y u,v

s − Y u′,v ′

s )(Z u,v
s − Z u′,v ′

s )dWs is a square-integrable martingale
and expected value is zero
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By Lipschitz assumption on f , ∃K ≥ 0 s.t.

E

[∫ T

t

eαs
{
−α(Y u,v

s − Y u′,v ′

s )2 + 2(Y u,v
s − Y u′,v ′

s )(f (s, u, v)− f (s, u′, v ′))
}
ds

]

≤ E

[∫ T

t

eαs
{
−α(Y u,v

s − Y u′,v ′

s )2 + 2K (Y u,v
s − Y u′,v ′

s )(|u − u′|+ |v − v ′|)
}
ds

]
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−αa2 + 2Kab = −α
(
a2 + 2

K

α
ab +

K 2

α2
b2 − K 2

α2
b2

)
= −α

(
a2 +

K

α
b

)2

+
K 2

α2
b2

so

E

[∫ T

t

eαs
{
−α(Y u,v

s − Y u′,v ′

s )2 + 2(Y u,v
s − Y u′,v ′

s )(f (s, u, v)− f (s, u′, v ′))
}
ds

]

≤ E

[∫ T

t

eαs
{
−α(Y u,v

s − Y u′,v ′

s )2 + 2K (Y u,v
s − Y u′,v ′

s )(|u − u′|+ |v − v ′|)
}
ds

]

= E

[∫ T

t

eαs

{
−α

[
(Y u,v

s − Y u′,v ′

s ) +
K

α
(|u − u′|+ |v − v ′|)

]2

+
K 2

α
(|u − u′|+ |v − v ′|)2

}
ds

]
≤ K 2

α
E

[∫ T

t

eαs(|u − u′|+ |v − v ′|)2ds

]
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Back to full integrated equation:

E
[
eαt(Y u,v

t − Y u′,v′

t )2
]

+ E
[∫ T

t

eαs(Z u,v
s − Z u′,v′

s )2ds

]
≤ K 2

α
E
[∫ T

t

eαs(|u − u′|+ |v − v ′|)2ds

]
≤ 2K 2

α
E
[∫ T

t

eαs(|u − u′|2 + |v − v ′|2)ds

]
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Back to full integrated equation:

E
[
eαt(Y u,v

t − Y u′,v′

t )2
]

+ E
[∫ T

t

eαs(Z u,v
s − Z u′,v′

s )2ds

]
≤ 2K 2

α
E
[∫ T

t

eαs(|u − u′|2 + |v − v ′|2)ds

]

Let β ∈ [0, 1]:

E
[∫ T

t

eαs(Z u,v
s − Z u′,v′

s )2ds

]
≤ 2βK 2

α
E
[∫ T

t

eαs(|u − u′|2 + |v − v ′|2)ds

]
and

E
[
eαt(Y u,v

t − Y u′,v′

t )2
]
≤ 2(1− β)K 2

α
E
[∫ T

t

eαs(|u − u′|2 + |v − v ′|2)ds

]
E
[∫ T

t

eαs(Y u,v
s − Y u′,v′

s )2ds

]
≤ 2(1− β)K 2

α

(
1

α
[eαT − eαt ]

)
× E

[∫ T

t

eαs(|u − u′|2 + |v − v ′|2)ds

]
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Back to full integrated equation:

E
[
eαt(Y u,v

t − Y u′,v′

t )2
]

+ E
[∫ T

t

eαs(Z u,v
s − Z u′,v′

s )2ds

]
≤ 2K 2

α
E
[∫ T

t

eαs(|u − u′|2 + |v − v ′|2)ds

]

So,

E

[∫ T

t

eαs
{

(Y u,v
t − Y u′,v ′

t )2 + (Z u,v
s − Z u′,v ′

s )2
}
ds

]

≤ C (α,K ,T )E

[∫ T

t

eαs(|u − u′|2 + |v − v ′|2)ds

]

=⇒ ‖(Y ,Z )‖α ≤ C (α,K ,T )E

[∫ T

t

eαs(|u − u′|2 + |v − v ′|2)ds

]

Fixed point theorem ensures there is a unique pair (Y ,Z ) s.t. Φ(Y ,Z ) = (Y ,Z )
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Filtering

Let (Ω,F ,Q) be a probability space that supports a k + d-dimensional Brownian
motion (W ,B), W and B are independent.

Signal : dXt = b(Xt)dt + σ(Xt)dWt , X0 = ξ ∈ Rm,

Observation : dYt = h(Xt)dt + dBt , Y0 = 0d×1 ∈ Rd

b ∈ C1(Rm,Rm), σ : Rm → Rd×k , (σσ∗) ∈ C2(Rm,Rm) h : Rm → Rd .

Let {Yt}t≥0 be the filtration generated by (Yt)t≥0. For C2
b function ϕ,

Filter : πt(ϕ) := EQ [ϕ(Xt)| Yt ]
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Brownian motiona

aCh. 2, Øksendal, Stochastic Differential Equations, 5th ed.

B is a (Ω,F , {Ft}t≥0,P)-Brownian motion if

Bt is continuous a.s., B0 = 0

Bt is a zero-mean Gaussian process

Bt has independent increments, E
[
(Bti − Bti−1 )(Btj − Btj−1 )

]
= δij(ti − ti−1)

Lévy’s characterization of Brownian motiona

aApp. B, Bain & Crisan, Fundamentals of Stochastic Filtering, 2009

Let Ft be the (completion of) filtration generated by {B i
t}ni=1. Let B i

t be a
continuous local Ft-martingale starting from zero for i = 1, . . . , n.
Bt = (B1

t ,B
2
t , . . . ,B

n
t ) is an n-dimensional (Ω,F ,P)-Brownian motion adapted to

Ft if and only if 〈
B i ,B j

〉
t

= δij t ∀ i , j ∈ {1, . . . , n}.
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Girsanov’s Theorem6

Probability space: (Ω,F ,Q). Let M be a continuous F·-martingale and

Dt := exp

{
Mt −

1

2
〈M〉t

}
.

If D is a uniformly integrable martingale, then a new measure P, continuous w.r.t.
Q can be defined by

dP
dQ

= D∞.

In addition, if X is a continuous F·-martingale under Q, then Xt − 〈X ,M〉t is a
continuous F·-martingale under P as well.

6App. B, Bain and Crisan, Stochastic Filtering Theory (2009)
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Girsanov’s Theorem7

Application to filtering: A new measure P can be defined by

dP
dQ

∣∣∣∣
Ft

= Dt , Dt := exp

{
−
∫ t

0

h(Xs)
∗dBs −

1

2

∫ t

0

‖h(Xs)‖2ds
}
.

Can check that exp
{
−
∫ t

0
h(Xs)

∗dBs − 1
2

∫ t

0
‖h(Xs)‖2ds

}
is a uniformly integrable

martingale.
B is a Q-Brownian motion, so it is a continuous F·-martingale under Q. Then

B̃t := Bt −
〈
B,−

∫ ·
0

h(Xs)
∗dBs

〉
t

= Bt +

∫ t

0

h(Xs)ds

is a continuous F·-martingale under P. Also,

〈B̃〉t =

〈
B +

∫ ·
0

h(Xs)ds

〉
t

= 〈B〉t = t,

so B̃ is a P-Brownian motion by Lévy’s characterization of Brownian motion .

7App. B, Bain and Crisan, Stochastic Filtering Theory (2009)
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Girsanov’s Theorem8

Application to filtering: A new measure P can be defined by

dP
dQ

= D∞, Dt := exp

{
−
∫ t

0

h(Xs)
∗dBs −

1

2

∫ t

0

‖h(Xs)‖2ds
}
.

Specifically, under P,

Yt = Bt +

∫ t

0

h(Xs)ds = B̃t ,

is a Brownian motion, independent of W that drives the signal.

8App. B, Bain and Crisan, Stochastic Filtering Theory (2009)
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Let X ∼ N (µ, σ2), q(x ;µ, σ2) is the density of x .
Say we want to shift mean of X by +γ, so that X ∼ N (µ+ γ, σ2). Let p(x ;µ+ γ, σ2)
be the new density.

p(x ;µ+ γ, σ2)

q(x ;µ, σ2)
=

1√
2πσ

exp
{
− 1

2σ2 (x− (µ+ γ))2
}

1√
2πσ

exp
{
− 1

2σ2 (x− µ)2
}

=
exp

{
− 1

2σ2 ((x− µ)2 − 2γ(x− µ) + γ2)
}

exp
{
− 1

2σ2 (x− µ)2
}

= exp

{
γ(x− µ)

σ2
+

γ2

2σ2

}
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Let X ∼ N (µ, σ2), q(x ;µ, σ2) is the density of x .
Say we want to shift mean of X by +γ, so that X ∼ N (µ+ γ, σ2). Let p(x ;µ+ γ, σ2)
be the new density.

p(x ;µ+ γ, σ2)

q(x ;µ, σ2)
=

1√
2πσ

exp
{
− 1

2σ2 (x− (µ+ γ))2
}

1√
2πσ

exp
{
− 1

2σ2 (x− µ)2
}

=
exp

{
− 1

2σ2 ((x− µ)2 − 2γ(x− µ) + γ2)
}

exp
{
− 1

2σ2 (x− µ)2
}

= exp

{
γ(x− µ)

σ2
+

γ2

2σ2

}

Bt ∼ N (0, t), we want to shift mean by −
∫ t

0
h(xs)ds.

Consider ∆Bt ∼ N (0,∆t), we want to shift mean by −h(Xt)∆t:

p(∆b)

q(∆b)
= exp

{
−h(Xt)∆t∆b

∆t
− 1

2

h(Xt)
2∆t2

∆t

}
= exp

{
−h(Xt)∆b− 1

2
h(Xt)

2∆t

}
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Let

D̃t := D−1
t = exp

{∫ t

0

h(Xs)
∗dBs +

1

2

∫ t

0

‖h(Xs)‖2ds
}

= exp

{∫ t

0

h(Xs)
∗dYs −

1

2

∫ t

0

‖h(Xs)‖2ds
}

=
dQ
dP

∣∣∣∣
Ft

and define

ρt(ϕ) = EP

[
ϕ(Xt)D̃t

∣∣∣Yt] .
Can check that

ρt(1)πt(ϕ) = ρt(ϕ).

Kallianpur-Striebel formula9:

πt(ϕ) =
ρt(ϕ)

ρt(1)

9Ch. 3.4, Bain and Crisan, Stochastic Filtering Theory (2009)
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Zakai equation
Let Γt :=

∫ t

0
h(Xs)∗dYs − 1

2

∫ t

0
‖h(Xs)‖2ds.

By Itô’s lemma,

dD̃t = D̃tdΓt +
1

2
D̃td 〈Γ〉t = D̃th

∗(Xt)dYt ,

and

dϕ(Xt) = Lϕ(Xt)dt +∇ϕ(Xt)dWt ,

where L is the generator of the Itô diffusion X .

Then,

d(ϕ(Xt)D̃t) = dϕ(Xt)D̃t + ϕ(Xt)dD̃t + d
〈
ϕ(X ), D̃

〉
t

dρt(ϕ) = EP

[
dϕ(Xt)D̃t

∣∣∣Yt]+ EP

[
ϕ(Xt)dD̃t

∣∣∣Yt]+ EP

[
d
〈
ϕ(Xt), D̃t

〉∣∣∣Yt]
= ρt(Lϕ)dt + ρt(ϕh

∗)dYt .
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Zakai equation

Let ut(x) be the density for the conditional expectation EP [ · |Y0,t ]
and [·, ·] be the inner product

[ϕ, ut ] =

∫
Rm

ϕ(x)ut(x)dx

so ρt(ϕ) = [ϕ,ut ]
[1,ut ]

.

Zakai equation:

dρt(ϕ) = ρt(Lϕ)dt + ρt(ϕh
∗)dYt

d [ϕ, ut ] = [Lϕ, ut ]dt + [ϕh∗, ut ]dYt

=⇒ dut(x) = L∗ut(x)dt + h(x)ut(x)dYt , u0(x) = q(x).
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Introduce a dynamic version of ρT (ϕ) = EP[ϕ(X ε
T )D̃ε

T |Yε0,T ]:

vT ,ϕ
t (x) = EPt,x [ϕ(XT )D̃t,T |Yt,T ]

(t,x)

P
t,x

0 t
T

X (ω )s i

Y s
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Introduce a dynamic version of ρT (ϕ) = EP[ϕ(X ε
T )D̃ε

T |Yε0,T ]:

vT ,ϕ
t (x) = EPt,x [ϕ(XT )D̃t,T |Yt,T ]

By Markov property,

ρt(v
T ,ϕ
t (·)) = EP

[
EPt,Xt

[
ϕ(Xt)D̃t,T

∣∣∣Yt,T ]∣∣∣Y0,t

]
=

∫
Rm

vT ,ϕ
t (x)ut(x) dx

=

∫
Rm

(∫
Rm

ϕ(ζ)ut,T (ζ; x) dζ

)
ut(x) dx

=

∫
Rm

ϕ(x)uT (x) dx = ρT (ϕ)
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Dynamic version of ρt(ϕ): vT ,ϕ
t (x) = EPt,x [ϕ(XT )D̃t,T |Yt,T ]

Zakai equation:

ρt

(
vT ,ϕ
T−t

)
= ρ0

(
vT ,ϕ
T

)
+

∫ t

0

ρs

(
LvT ,ϕ

T−s

)
ds +

∫ t

0

ρs

(
vT ,ϕ
T−sh

∗
)
dYs

The dual equation for the dynamic version of ρt can be obtained as

vT ,ϕ
T−t(x) = ϕ(x) +

∫ T

T−t
LvT ,ϕ

s (x)ds +

∫ T

T−t
vT ,ϕ
s (x)h∗(x)d

←
Y s

where Y is a P-Brownian motion independent of the signal noise W and
∫
· d
←
Y is

a backward stochastic integral.

For rigorous treatment of this backward SPDE, see Pardoux, Stochastic Partial
Differential Equations and Filtering of Diffusion Processes (1979).
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Backward stochastic PDE

ψ(ω, t, x) = ψ(ω,T , x) +

∫ T

t

{Lψ(ω, s, x)ds + f (ω, s, x)} ds

+

∫ T

t

{g(ω, s, x) + G (ω, s, x)ψ(ω, s, x))} d
←
B s ,

ψ(ω,T , x) = Ψ(T , x)

The solution is adapted to FB
t,s , the completion of the filtration

F0,B
t,s

def
=
⋂
r<t

σ (Bu − Br : r ≤ u ≤ s)
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Recall, for s ∈ (T − t,T ], H ′s := HT−s and B ′s := BT − BT−s ,∫ T

T−t
Hsd

←
B s =

∫ t

0

H ′sdB
′
s .

Also, ∫ t

0

H ′s ds =

∫ t

0

HT−s ds = −
∫ T−t

T

Hτ dτ =

∫ T

T−t
Hτ dτ.

Let ψ′(t, x) = ψ(T − t, x).
Backward spde:

ψ(ω,T − t, x) = Ψ(T , x) +

∫ T

T−t
{Lψ(ω, s, x)ds + f (ω, s, x)} ds

+

∫ T

T−t
{g(ω, s, x) + G (ω, s, x)ψ(ω, s, x))} d

←
B s
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Recall, for s ∈ (T − t,T ], H ′s := HT−s and B ′s := BT − BT−s ,∫ T

T−t
Hsd

←
B s =

∫ t

0

H ′sdB
′
s .

Also, ∫ t

0

H ′s ds =

∫ t

0

HT−s ds = −
∫ T−t

T

Hτ dτ =

∫ T

T−t
Hτ dτ.

Let ψ′(t, x) = ψ(T − t, x).
Forward version of the backward spde:

ψ′(ω, t, x) = Ψ(T , x) +

∫ t

0

{Lψ′(ω, s, x) + f (ω, s, x)} ds

+

∫ t

0

{g(ω, s, x) + G (ω, s, x)ψ′(ω, s, x)} dB ′s

For the backward spde, we can use existence and uniqueness and other results for
forward spdes.
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SDE representation of BSPDE solution

Let L be the generator of the following diffusion process:

X t,x
s = x +

∫ s

t

b(X t,x
s )ds +

∫ s

t

σ(X t,x
s )dWs for s ≥ t,

X t,x
s = x for s ≤ t.

For s ∈ [t,T ], define a stochastic version of ψ(ω, s, x): ψ(s,X t,x
s ).

Partition [t,T ] into N intervals (t0, t1], (t1, t2], . . . , (tN−1, tN ],
tk := T − (N − k)

⌊
T−t
N

⌋
.
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ψ(t,X t,x
t ) = ψ(T ,X t,x

T ) + lim
N↗∞

N−1∑
i=0

(ψ(ti ,X
t,x
ti

)− ψ(ti+1,X
t,x
ti+1

))

and

ψ(ti ,X
t,x
ti

)− ψ(ti+1,X
t,x
ti+1

)

= (ψ(ti ,X
t,x
ti

)− ψ(ti ,X
t,x
ti+1

)) + (ψ(ti ,X
t,x
ti+1

)− ψ(ti+1,X
t,x
ti+1

))

= −

(∫ ti+1

ti

Lψ(ti ,X
t,x
s )ds +

∫ ti+1

ti

k∑
j=1

m∑
i=1

∂

∂xi
ψ(ti ,X

t,x
s )σij(X

t,x
s )dW j

s

)

+

∫ ti+1

ti

(Lψ(s,X t,x
ti+1

) + f (s,X t,x
ti+1

))ds

+

∫ ti+1

ti

(g(s,X t,x
ti+1

) + G(X t,x
ti+1

)ψ(s,X t,x
ti+1

))d
←
B s .
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ψ(t,X t,x
t ) = ψ(T ,X t,x

T ) + lim
N↗∞

N−1∑
i=0

(ψ(ti ,X
t,x
ti

)− ψ(ti+1,X
t,x
ti+1

))

and

ψ(ti ,X
t,x
ti

)− ψ(ti+1,X
t,x
ti+1

)

= (ψ(ti ,X
t,x
ti

)− ψ(ti ,X
t,x
ti+1

)) + (ψ(ti ,X
t,x
ti+1

)− ψ(ti+1,X
t,x
ti+1

))

= −

(∫ ti+1

ti

Lψ(ti ,X
t,x
s )ds +

∫ ti+1

ti

k∑
j=1

m∑
i=1

∂

∂xi
ψ(ti ,X

t,x
s )σij(X

t,x
s )dW j

s

)

+

∫ ti+1

ti

(Lψ(s,X t,x
ti+1

) + f (s,X t,x
ti+1

))ds

+

∫ ti+1

ti

(g(s,X t,x
ti+1

) + G(X t,x
ti+1

)ψ(s,X t,x
ti+1

))d
←
B s .

As N ↗∞, for s ∈ [t,T ),

dψ(s,X t,x
s ) = f (s,X t,x

s )ds +
(
g(s,X t,x

s ) + G(X t,x
s )ψ(s,X t,x

s )
)
d
←
B s

+
k∑

j=1

m∑
i=1

∂

∂xi
ψ(t,X t,x

s )σij(X
t,x
s )dW j

s
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SDE representation of BSPDE solution

Backward doubly-stochastic differential equation:

−dY t,x
s = f (s,X t,x

s )ds + (g(s,X t,x
s ) + G (s,X t,x

s )Y t,x
s )d

←
B s − Z t,x

s dWs ,

Y t,x
T = Ψ(T ,X t,x

T ).

where Y t,x
s = ψ(s,X t,x

s ), Z t,x
s =

∑k
j=1

∑m
i=1

∂
∂xi
ψ(t,X t,x

s )σij(X
t,x
s ) and

X t,x
s = x +

∫ s

t

b(X t,x
s )ds +

∫ s

t

σ(X t,x
s )dWs for s ≥ t,

X t,x
s = x for s ≤ t.
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SDE representation of BSPDE solution

Backward doubly-stochastic differential equation:

−dY t,x
s = f (s,X t,x

s )ds + (g(s,X t,x
s ) + G (s,X t,x

s )Y t,x
s )d

←
B s − Z t,x

s dWs ,

Y t,x
T = Ψ(T ,X t,x

T ).

Y t,x
s has to be measurable w.r.t. FW

t ∨ FB
t,T

0 t T

| | |
FW

t FB
t,T

*Not a filtration, doesn’t increase with time
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